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a b s t r a c t
It is proved that the size of the symmetry group Sym(C) of every full rank perfect 1-error
correcting binary code C of length n is less than or equal to 2|Sym(Hn)|/(n+ 1), where Hn
is a Hamming code of the same length.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A perfect 1-error-correcting binary code, for short a perfect code, is a subset C of the direct product Zn2 of n copies of the
finite field Z2 with two elements, satisfying the following property: to every word x¯ in Zn2 there is one and only one word c¯ in C
such that x¯ and c¯ differ in at most one coordinate position. The integer n is the length of the perfect code. Elementary counting
arguments give that the length of a perfect code is equal to n = 2m − 1, for some integer m, and give that the number of
words in a perfect code C of length n is equal to |C | = 2n−log(n+1).
We may consider the set Zn2 as a vector space of dimension n over the finite field Z2. The rank rank(C) of a perfect code
C is the dimension of the linear span ⟨C⟩ of the words of C . Etzion and Vardy [4] proved that for every length n = 2m − 1,
where m ≥ 4, and every integer r in the interval n − log(n + 1) ≤ r ≤ n there exist perfect codes of rank r and length n.
Those of rank n − log(n + 1) are linear, and called Hamming codes. They are unique up to permutations of the coordinate
positions. A perfect code C has full rank if rank(C) = n. The set of all nonlinear perfect codes is far from classified. For a
survey of results in the field of perfect codes, see for example [8].
Every permutation π of the set of coordinate positions {1, 2, . . . , n} induces a permutation on the set of words of Zn2 by
π((c1, c2, . . . , cn)) = (cπ−1(1), cπ−1(2), . . . , cπ−1(n)). (1)
The symmetry group Sym(C) of C is defined by
Sym(C) = {π ∈ Sn : π(c¯) ∈ C for all c¯ ∈ C}.
Perfect codes are ideal structures, so you could expect that their symmetry groups would have some nice structural
properties. This is indeed true for linear perfect codes. It is most well known, and easy to verify, that the symmetry group of
a Hamming code of length n is isomorphic to the general linear group GL(log(n+ 1), 2); see for instance [8]. The symmetry
group of the perfect 3-error-correcting binary Golay code [5] of length 23, which is linear, is an important group in group
theory, namely the Mathieu groupM23. The symmetry group of the other Golay code, the 2-error-correcting ternary code
of length 11, is the Mathieu groupM11; see [1]. Unfortunately, there are no further multiple-error-correcting perfect q-ary
codes, if q is a prime number or a power of a prime number. This fact was proved by Tietäväinen [19] in 1973, (and, almost
at the same time, independently by Zinoviev and Leontiev [20]).
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Exploration and investigation of the symmetry groups of perfect codes in general is thus an interesting task. However, as
wewill see below, there are just a handful contributions to this problem, and they aremainly concernedwith the estimation
of the possible sizes of the symmetry groups of perfect codes. Let us mention one outstanding result, which is not on that
theme, the following most interesting result due to Phelps [15]:
Every finite group is isomorphic to the symmetry group of some perfect code.
The purpose of this note is to present an upper bound for the size of the symmetry groups of full rank perfect codes,
which is better than all previously known upper bounds. We prove in Section 5.
Theorem 1. For every full rank perfect code C of length n = 2m − 1, where m ≥ 4,
|Sym(C)| ≤ 2
n+ 1 |GL(log(n+ 1), 2)|.
Other upper bounds for the size of the symmetry groups of perfect codes have been presented by Solov’eva and Topolova,
by Malyugin, and by the author. Solov’eva and Topalova [18] proved that no nonlinear perfect code of length n has a
symmetry group of a size larger than that of a Hamming code of same length. This result was slightly improved by
Malyugin [14], who showed that the size of the symmetry group of every nonlinear perfect code of length n is at most
equal to 12 |GL(log(n+ 1), 2)|. These results of Malyugin and of Solov’eva and Topalova are true for every nonlinear perfect
code. In [9] the following theorem was proven.
Theorem 2 (Heden [9]). For every perfect code C of length n and of a rank r such that n− log(n+ 1)+ 1 ≤ r ≤ n− 1,
|Sym(C)| ≤ |GL(n− r, 2)| · |GL(log(n+ 1)− (n− r), 2)|

n+ 1
2n−r
n−r
.
Consequently, Theorem1 extends the theorem above to the case of full rank perfect codes, and for these codes, Theorem1
improves the result of Malyugin [14].
Several constructions of nonlinear perfect codes are accomplished by picking and combining pieces of distinct perfect
codes; see for example [7] or [10]. You could thus expect to get perfect codes with small symmetry groups by using clever
constructions of perfect codes. In fact, there are quite a few perfect codes with trivial symmetry groups. Heden et al. [11,12]
proved that
For every integer n = 2m − 1, where m ≥ 5, and every integer r with n − log(n + 1) + 2 ≤ r ≤ n − 1 there exist perfect
codes of length n, rank r and with a trivial symmetry group.
Moreover, Phelps found in [16] a perfect code of length n = 15 and rank r = 14 with a trivial symmetry group. The
existence of full rank perfect codes of length n = 2m − 1 with a trivial symmetry group was verified by Avgustinovich and
Solov’eva [3] for each integerm ≥ 8. A sketch of a proof of this fact form ≥ 5 was presented byMalyugin in [13]. (The codes
in [13] are systematic and the codes in [3] are non-systematic.) The symmetry group of perfect codes of length n and rank
r = n− log(n+1)+1 was studied by Avgustinovich et al. in [2]. From the results there, it follows that no perfect code with
these parameters has a trivial symmetry group.
Still the complete spectrum of the sizes of the symmetry groups of perfect codes is far from known.
The proof of Theorem 1 is to some part similar to that of Solov’eva and Topalova [18]. Like in [18] we inductively make
use of substructures that occur in the perfect code. However, while Solov’eva and Topalova consider a sequence of Steiner
triple systems S(2, 3, 2ν − 1), ν = 2, 3 . . . , log(n+ 1), embedded in each other, we consider a sequence of perfect codes of
increasing length that can be derived from the perfect code.1 Themain property used in our proof is that no full rank perfect
code of length n can have a subset of words that can be ‘‘identified’’ as a perfect code of length (n− 1)/2.
2. Some definitions and notation
We denote the set {1, 2, . . . , n} by [n]. We denote by e¯i the word of weight one with its only non-zero coordinate in
coordinate position i. We denote by CI the set of words in a perfect code C of length n, the support of which is contained in
the subset I of the set of coordinate positions [n].
The subcode CI of the perfect code C is a perfect subcode2 of length |I| if every word x¯ in Zn2 with a support contained in I
is within a distance at most one from some word in CI .
Let C be a 1-error-correcting code of length n and let I be any subset of [n]. The error hull EC (I) of I is defined by
EC (I) = I ∪ {i ∉ I : x¯+ e¯i ∈ C for some x¯with supp(x¯) ⊆ I}.
For an element i not contained in EC (I), the Steiner hull3 S(C, I, i) of I and i is defined by
S(C, I, i) = I ∪ {j : e¯j + e¯i + e¯i′ ∈ C for i′ ∈ I} ∪ {i}.
1 See also footnote 3.
2 An alternative terminology would be to say that CI is a full face.
3 The difference between this note and [18] is that there Solov’eva and Topalova consider the Steiner hull (our terminology) and not the error hull.
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Clearly,
S(C, I, i) ⊆ EC (I ∪ {i}). (2)
Let C be any perfect code C of length n. To every subset I of the set of coordinate positions [n], we can recursively define
a sequence of sets of coordinate positions by
J0 = I, Js = EC (Js−1), s = 1, 2, . . . .
The number of coordinate positions is finite. Hence this recursion always terminates in a set of coordinate positions JT with
the property EC (JT ) = JT . This set of coordinate positions JT is below denoted HC (I), and is called the hull of the set of
coordinate positions I relative to the perfect code C .
The sequence i1, i2, . . . , it is an independent sequence of coordinate positions to the perfect code C if we recursively can
define an associated sequence of sets of coordinate positions I1 = {i1}, I2, . . . , It such that, for every integer s with 2 ≤ s ≤ t ,
the element is does not belong to the hull HC (Is−1), and furthermore,
Is = HC (Is−1 ∪ {is}).
The integer t is the length of the sequence. An independent sequence of coordinate positions to a perfect code C of length n is
complete if It = [n]. Clearly, every incomplete independent sequence of coordinate positions can be extended to a complete
independent sequence of coordinate positions.
3. Some lemmas
Lemma 1. Let C be any perfect code of length n. For every subset I of the set of coordinate positions with the hull IT , the subcode
CIT is a perfect subcode of C.
Proof. The statement in the lemma is an immediate consequence of the definition of the concept hull of I . 
Lemma 2. Let C be a perfect code. Let I be any subset of the set of coordinate positions. If i is not contained in the error hull EC (I)
of I, then
|S(C, I, i)| = 2|I| + 1. (3)
Proof. If i ∉ I then to every i′ in I there is a word c¯ in C such that
d(c¯, e¯i + e¯i′) = 1.
Hence, c¯ = e¯j + e¯i + e¯i′ for some j in [n]. Let i(i′) denote this element j. From the assumption that i ∉ EC (I), it is clear that
i(i′) ∉ I . The minimum distance in C is 3. Consequently,
i′ ≠ i′′ H⇒ i(i′) ≠ i(i′′).
Now the lemma follows from the definition of S(C, I, i). 
Lemma 3. Let C be a perfect code of length n. Let ϕ and ψ be any two elements in Sym(C). If ϕ(i) = ψ(i) for every i in the
subset I of [n], then ϕ(j) = ψ(j) for every j in the error hull EC (I) of I.
Proof. To every element j in EC (I) − I there is a word x¯ with supp(x¯) ⊆ I such that c¯ = x¯ + e¯j ∈ C . Every permutation of
the set of coordinate positions is a linear map. From the assumption that ϕ(i) = ψ(i) for every i in I thus follows that
ϕ(c¯)− ψ(c¯) = ϕ(x¯)− ψ(x¯)+ ϕ(e¯j)− ψ(e¯j) = ϕ(e¯j)− ψ(e¯j).
Both ϕ(c¯) and ψ(c¯) belong to C . The minimum distance in C is 3. Hence the only possibility is that ψ(e¯j) = ϕ(e¯j), that is,
ψ(j) = ϕ(j). 
The next lemma is an immediate consequence of the preceding lemma and the definition of the concept hull of I .
Lemma 4. Let C be a perfect code of length n. Let ϕ and ψ be any two elements in Sym(C). If ϕ(i) = ψ(i) for every i in the
subset I of [n], then ϕ(j) = ψ(j) for every j in the hull HC (I) of I.
It must be remarked that Phelps et al. observe in [17] that if J is the set of coordinate positions that are fixed by the
elements in a subgroup of Sym(C), then the code CJ is a perfect subcode of C. Their result also follows from the following
corollary of Lemma 4.
Corollary 1. Let C be a perfect code of length n. Let M be any subset of Sym(C). If π(i) = i for every element i in the subset I of
[n] and every π in M, then π(i) = i for every element i in the hull HC (I) of I and every π in M.
Proof. Wemay assume that the element id. of Sym(C) belongs toM . Thus the corollary follows from Lemma 4. 
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4. Some propositions
Proposition 1. The length of every independent sequence i1, i2, . . . , it of coordinate positions to a perfect code C of length n is
at most equal to log(n+ 1).
Proof. Let I1, I2, . . . , It be the associated sequence of sets of coordinate positions. From Eqs. (3) and (2) we get that
|Ik| ≥ 2|Ik−1| + 1, (4)
for every k in [t] − {1}. The size of the set I1 is equal to 21 − 1. Thus we may recursively deduce that for every k in [t] it is
true that |Ik| ≥ 2k − 1. The lemma now follows from the fact that |It | = n. 
Proposition 2. Let C be a perfect code of length n. Let i1, i2, . . . , it be any complete independent sequence of coordinate positions
to C. Every element ϕ in Sym(C) is uniquely determined by the values ϕ(i1), ϕ(i2), . . . , ϕ(it).
Proof. Let I1, I2, . . . , It be the associated sequence of coordinate positions. Let ϕ be any member of Sym(C). Let k be any of
the integers in the set [t − 1] − {1}. Assume that, for every element i in the set Ik, the value ϕ(i) is uniquely determined by
the values ϕ(i1), ϕ(i2), . . . , ϕ(ik). By Lemma 4, wemay then conclude that for every element i in the set HC (Ik∪{ik+1}), that
is, for every element i in Ik+1, the value ϕ(i) is uniquely determined by the values ϕ(i1), ϕ(i2), . . . , ϕ(ik+1). This proves the
proposition by induction. 
Proposition 3. Let C be a perfect code of length n. Let i1, i2, . . . , it be any independent sequence of coordinate positions to C,
with an associated sequence of sets of coordinate positions I1, I2, . . . , It . For every member ϕ of Sym(C),
|{ψ(is) : ψ ∈ Sym(C) with ψ(ij) = ϕ(ij), for 1 ≤ j ≤ s− 1}| ≤ n− |Is−1|. (5)
Proof. From the definition of the concept independent sequence of coordinate positions it is clear that is ∉ Is−1. Every
member ψ of Sym(C) is an injective map. Consequently, ψ(is) ∈ [n] \ ψ(Is−1), and |ψ(Is−1)| = |Is−1|. Now use
Proposition 2. 
The next proposition is the key to our improvement in Theorem1 of the result ofMalyugin [14]. The proposition is proved
in [6]. It is the ‘‘full rank case’’ of Theorem 1 there.
Proposition 4 (Heden [6]). No full rank perfect code of length n has a perfect subcode CI of length |I| = (n− 1)/2.
5. Proof of Theorem 1
Assume that C is a full rank perfect code of length n = 2m − 1. Let i1, i2, . . . , it be a complete independent sequence
of coordinate positions to C , with an associated sequence of sets of coordinate positions I1, I2, . . . , It . A recursive use of
Propositions 2 and 3 then gives that
|Sym(C)| ≤ n(n− |I1|)(n− |I2|) · · · (n− |It−2|)(n− |It−1|). (6)
From Proposition 4 we deduce that
|It−1| ≤ 2m−2 − 1.
Furthermore, from the proof of Proposition 1 we adopt that
|Ik| ≥ 2k − 1,
for every k in [t]. Hence from Eq. (6) and the fact that
|GL(m, 2)| = Πm−1k=0 (n− (2k − 1)),
for every nonnegative integerm, we get that
|Sym(C)| ≤ n(n− 1)(n− 3) · · · (n− (2m−2 − 1)) = |GL(m, 2)|
n− (2m−1 − 1) .
This is the same inequality as the inequality in Theorem 1.
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